Abstract: We present a new formulation of the incompressible Navier-Stokes equations with variable viscosity. By utilizing the incompressibility constraint to remove the trace from the deviatoric stress tensor, we eliminate second-order cross-derivatives of the velocity field, simplifying and improving the accuracy of colocated discretization techniques on both structured-and unstructured grids. This formulation improves the performance of SIMPLE-type algorithms that use sequential mass-momentum iterations to enforce incompressibility. A trace-free stress tensor also removes a typical source of net-rotation for simulations employing free-slip boundary conditions in spherical geometry. We implement the new scheme as a modification of an existing Boussinesq convection code, which we benchmark against analytical solutions of the Stokes problem in a spherical shell with both constant and radially dependent viscosity, and time-dependent thermal convection at infinite Prandtl number with large viscosity contrasts. 
Introduction
1 Natural convection is a fundamental process across many areas of science 2 and engineering. The development of accurate, efficient and robust meth-3 ods for solving the coupled conservation equations of mass, momentum and 4 energy is thus the subject of considerable research.
5
In many applications, the fluid undergoing convection can be considered the modelling of the dynamics and long-term thermal evolution of the rocky 18 mantles of terrestrial planets and the icy shells of outer solar system bodies.
19
Numerical simulations based on the solution of such equations are today one 20 of the primary tools for studying these processes.
21
The dynamics of creeping convection in planetary applications depends 22 strongly on the temperature-and stress-dependent rheology of mantle rocks 23 (e.g. Karato, 2010) . The resulting sharp viscosity gradients represent a diffi-24 cult challenge for numerical models and thus require special attention. ing the last 30 years, a variety of numerical codes have been developed that 26 focus on the issue of dealing with large viscosity contrasts (e.g. Baumgard-27 ner, 1985; Tackley, 1996; Choblet et al., 2007; Burstedde et al., 2008; Tackley, 28 2008; Zhong et al., 2008) .
29
In this work we describe a reformulation of the Navier-Stokes equations 30 that we implement in a finite-volume code that refines the previous work of 31 Hüttig and Stemmer (2008a) . By explicitly incorporating the incompressibil- code to large viscosity gradients, saves resources and boosts computational 37 speed. A side benefit of our approach is that it naturally eliminates well-38 known net-rotation problems that routinely arise in spherical or cylindrical 39 convection models with free-slip boundaries (Zhong et al., 2008; Kameyama 40 et al., 2008; Tosi and Yuen, 2011) .
41
The resulting code, named The dynamics of planetary mantles and most other natural convection phenomena can be described by conservation of mass, momentum and energy. Here, we use the Boussinesq approximation to account for density variations due to temperature alone, which implies that we deal with an incompressible fluid. Furthermore, we make the infinite-Prandtl-number approximation (Stokes-flow) appropriate for convection in planetary mantles.
Under these assumptions, the non-dimensional conservation equations are (e.g. Schubert et al., 2001) :
where u is the velocity, T temperature, t time, σ = −pI + τ the stress 51 tensor, with p dynamic pressure, I identity tensor and τ deviatoric stress 52 tensor defined as
where µ is the dynamic viscosity. The general constitutive relation for a Newtonian fluid is:
where the proportionality factor (β − 2/3) accounts for the so-called bulk 60 viscosity β and compressibility. Setting λ ≡ β − 2/3, we can write the stress 61 tensor components explicitly:
where u, v and w denote the Cartesian components of the velocity vector u.
63
For an incompressible fluid the divergence of the flow field vanishes (eq. (1)). that can ultimately lead to the appearance of a net rotation.
75
Due to the incompressibility of the fluid, λ in eq. (6) can take any value.
76
Choosing λ = −µ not only explicitly removes the trace from the deviatoric 77 stress tensor but this choice also eliminates second-order cross-derivatives 78 in the momentum equation, thereby facilitating discretization of (2). The 79 resulting stress tensor is:
Taking the divergence of the tensor (7), we obtain, e.g. for the x-component:
Collecting µ and defining E ≡ ∇(lnµ), we have:
where the subscripts indicate the Cartesian components of E. Simplifying and eliminating second-order cross-derivatives, we obtain: 
Benchmark simulations

98
For the series of benchmark simulations that will be presented in this 99 section, we have solved, in a co-located finite-volume framework, the con-100 servation equations (1)- (2) 
where N sh is the number of radial shells, ϑ the co-latitude and P 0 is the associated Legendre polynomial of degree and order 0. After solving eqs.
(1) and (2) with eq. (11) replacing the term Ra T in eq. (2), we computed the spectral coefficients of the radial stress at the outer and inner boundaries as follows:
where Ω = (ϑ, ϕ) are angular coordinates and R s , ∂V s and R c , ∂V c are the ra-138 dius and surface of the outer and inner shells, respectively. We calculated the 139 stresses (12) and (13) and constructed so-called kernels or Green's functions 140 for the surface and CMB dynamic topographies by varying the harmonic 141 degree and the position r 0 of the load (11) throughout the mantle.
142
The matrix propagator technique can be used to solve eqs. (1) and (2) 143 in the spectral domain, and hence to compute the stresses (12) and (13) In order to test the solution of the full set of equations (1)- (3) given by
where ∆µ T is the total viscosity contrast due to temperature. All cases were 160 computed until they reached a (quasi-) steady state in which the measured 161 output variables exhibited only negligible fluctuations. In Table 1 and pressure fields are initialized to zero.
171
As diagnostic output quantities ( In Figure 5 we have compared the surface and CMB topography kernels 
186
In the isoviscous case, Gaia's kernels agree with those computed via ma- for the pressure-momentum iterations to deliver a truly incompressible flow.
195
In Figure 5 we further show slices through the Cartesian axes x, y and z of 196 the root mean square velocity (top lines) and dynamic pressure (bottom lines)
197
for the runs with constant and layered viscosity (panels a and b, respectively).
198
In the latter case, the viscosity contrast is located at a depth 
213
The specific setup of each run is listed in Table 1 . The corresponding results
214
obtained with Gaia-v2 are in Table 2 
217
In all cases with viscosity contrasts up to 10 3 , the differences between Gaia-v2 and Zh are below 1%. This provides confidence in the accuracy of our 219 new implementation, given the strong differences between Gaia-v2 and Cit- this work even though it could be an interesting topic for further study.
230
With a viscosity contrast of 10 7 (case A9) we observed a strongly time- 
247
To our knowledge, the source of this rotation has not been investigated.
248
We have been able to identify one source of net rotation related to the use of 249 the SIMPLE technique which we apply to satisfy incompressibility (Patankar, 250 1980; Ferziger and Perić, 1996 Table 4 . tions, which we implemented in the co-located finite-volume code Gaia-v2.
303
The good agreement that we obtained against analytical solutions and previ- Zhong et al. (2008) . Cases A4sp1-A4sp4 and A4ico1-A4ico3 refer to convergence tests performed on spiral and icosahedral grids, respectively. For icosahedral grids either 5 or 6 refinements were used. BR stands for boundary refinement, which was applied to the spiral grid, shown in Figure 5 , used to compute cases A9 and A4sp4.
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